Abstract: A constitutive model for serrated flow together with a finite element (FE) analysis was developed to simulate discontinuous yielding behavior of metallic glasses, commonly known as serrated flow inhomogeneous deformation. The constructed model is based on transient behavior resulting from the time dependence of the flow defect concentration in the shear bands. The computed results of stress-strain curves were consistent with the experimental data. The main features of the serrated flow effect have also been exhibited by the model.
Introduction
At room temperature, Bulk Metallic Glasses (BMGs) typically deform inhomogeneously with plastic flow highly localized into nanoscale regions, namely shear bands [1] [2] [3] . The outstanding consequence of shear banding is the serrated flow event which is characterized in the stress-strain curves by repeated cycles of a sudden stress drops followed by an elastic reloading. Despite extensive studies, the physical origin of serrated flow and its connection with the shear banding process is still under advanced examination. There exists, however, a general consensus that the shear band initiation is caused by local structural softening owing to a free volume generation [4] [5] [6] . The serrated flow was also recognized to occur by stick-slip operation of a single shear band, as has been reported recently [7] [8] [9] . While a great effort has been made to understand and detail the physical causes of shear bands initiation and propagation, it remains an open question about the mechanism that governs the shear-band arrest (Why do shear bands stop?). Several intrinsic and extrinsic factors have been suggested to cause the arrest of the shear banding operation. We have experimentally established that the in situ nanocrystallization within the shear bands can offer a "self-locking effect" and increases the strength of shear regions preventing further propagation of shear bands [10] [11] [12] . Few authors have considered a type of relaxation mechanism able to increase the resistance to the shear bands motion [13] . The diverse approaches for shear band propagation and arrest have recognized the key role of free volume [6, 14, 15] as well as the effect of temperature and strain rate.
The serrated flow events are not unique to BMGs. In certain crystalline alloys, they can be observed in distinct temperature and strain rate ranges and it is usually known as the Portevin-Le Chatelier (PLC) effect [16] where the dynamics stick-slip arise from the collective pinning and unpinning of dislocations from solute atmosphere, commonly known as the dynamic strain aging (DSA) mechanism [17] .
Furthermore, strong similarities in the deformation behavior of amorphous metals with that of crystalline alloys (exhibiting Portevin-Le Chatelier bands) were reviewed in many previous works [7, 13] . These phenomenological similarities are seen mainly in the occurrence of serrated flow and the negative strain rate sensitivity which may stem from a similar micromechanical origin. In view of these similarities, we adopt a new approach to analyze the serrated flow of BMGs in an effort to obtain insight into the complex and irregular form of stress-strain curves (i.e., serrations). This approach, therefore, comes from the phenomenological similarities found between the serrated flow in amorphous metal and the DSA effect in crystalline materials.
In this work, a macroscopic constitutive model is presented that includes a time-varying state variable which accounts for the local degree of relaxation in the shear band after a shear event has taken place. The model is based on the transient behavior of shear banding resulting from the time dependence of the flow defect concentration, C f . The transition from high to low C f in a shear zone can be described by the "relaxation-saturation" process as described by Dalla Torre et al. [7, 18] . The proposed elasto-viscoplastic model has been implemented in a finite element program and the non-linear equations have been integrated using a Runge-Kutta method. Computer simulations of the flow serration were carried out and the effect of strain rates was numerically studied.
Constitutive Model for Serrated Flow

Micromechanism of Serrated Flow
The fluctuations in the stress-strain curves during plastic deformation of certain crystalline metallic alloys (known as the PLC effect [16] ) have been attributed to the collective pinning and unpinning of dislocations from solute atmosphere [19] , giving rise to a stick and slip phases, respectively (known as the dynamic strain ageing (DSA) mechanism [20] ). Then, the constitutive models employed for the DSA mechanism have included the local solute concentration C s at arrested mobile dislocations as a time dependent state variable.
On the other hand, in spite of the similarities with the BMGs and the associated inhomogeneous deformation [21] , the DSA model obviously cannot be applicable to amorphous metals because it operates with dislocation-based mechanisms. Its framework, however, may provide a basis for refining the constitutive models of plastic deformation in metallic glasses where it operates with the concept of structural defects. Indeed, during straining of BMGs, shear dilatation processes were believed to increase the free volume content [22, 23] and destroy the local short-range order within the shear bands. This suggests that the state variable could be the content of a free volume (or local concentration of the flow defects C f ) within the shear band, which gradually decreases the viscosity and induces structural softening.
Following Torre et al. [7] , the shear bands propagation in metallic glasses is controlled by the interplay between the cooperative shear motion of atomic clusters (Shear Transformation Zones (STZs)) and some unknown relaxation mechanisms promoted by diffusion and local atomic rearrangements, increasing the resistance to further shear propagation. The latter mechanism should be responsible for the hardening and the arrest of the shear banding. The extent of the structural relaxation may counteract the local increase of the free volume (or C f ), such that the net free volume within the shear band after relaxation is lower than the one at the moment of shearing, which leads to a higher structural density. This leads to the strengthening of the distorted structure and it can compensate for the local softening, preventing the runaway failure along the shear band. Consequently, the shear process stops and the material turns into elastic form until the next shear event (serration) takes place (as experimentally shown in Figure 1a and schematically illustrated in Figure 1b ). Therefore, the structural state variable Cf accounts for the degree of structural relaxation after a shear event and hence governs the temperature and the strain rate dependence of the serrated flow deformation characteristics. The constitutive model of dynamic serrated flow phenomena must include Cf as a time depending variable. For conditions where the atomic diffusion and reordering is operating, Cf is a dependent function of the waiting time (tw) between two successive serration events. The extent of structural relaxation, however, is limited by the relaxation time tr (as illustrated in Figure 1b ).
Constitutive Equations and FE Implementation
Previous analysis has shown that the shear softening and the relaxation-induced hardening in metallic glasses are kinetically and thermally activated mechanisms. The total deformation is the sum of elastic and plastic strains tensors and the constitutive model for serrated flow can be introduced as follows:
Furthermore, it has been argued that the yielding of metallic glasses could rather be described as obeying to the Drucker Prager criterion rather than the von Mises criterion. The yield function can be defined as follows:
where J2(σ) is the second invariant of the stress tensor, λ is a material constant, σmoy is the mean stress, R0 is the yield stress in the absence of structural relaxation, R(γ) is the isotropic nonlinear hardening law and Rr(γ,tr) is the extra-hardening induced by structural relaxation mechanism as described below. For metallic glasses, the stress-strain curve consists generally of an elasticity followed by a yielding and a perfect plasticity. Then, strain hardening is absent and R(γ) can be neglected. γ is the cumulated plastic flow. The shear-relaxation hardening is assumed to be isotropic and it includes the new state variables, i.e., local concentration of the flow defects Cf:
The free volume concentration, Cf, within the shear bands is estimated as a function of the cumulated plastic strain, γ, and the extent of relaxation time, tr. Therefore, the structural state variable C f accounts for the degree of structural relaxation after a shear event and hence governs the temperature and the strain rate dependence of the serrated flow deformation characteristics. The constitutive model of dynamic serrated flow phenomena must include C f as a time depending variable. For conditions where the atomic diffusion and reordering is operating, C f is a dependent function of the waiting time (t w ) between two successive serration events. The extent of structural relaxation, however, is limited by the relaxation time t r (as illustrated in Figure 1b ).
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where J 2 (σ) is the second invariant of the stress tensor, λ is a material constant, σ moy is the mean stress, R 0 is the yield stress in the absence of structural relaxation, R(γ) is the isotropic nonlinear hardening law and R r (γ,t r ) is the extra-hardening induced by structural relaxation mechanism as described below. For metallic glasses, the stress-strain curve consists generally of an elasticity followed by a yielding and a perfect plasticity. Then, strain hardening is absent and R(γ) can be neglected. γ is the cumulated plastic flow. The shear-relaxation hardening is assumed to be isotropic and it includes the new state variables, i.e., local concentration of the flow defects C f :
The free volume concentration, C f , within the shear bands is estimated as a function of the cumulated plastic strain, γ, and the extent of relaxation time, t r .
where P 1 , P 2 , m and n are material model parameters. P 2 (unit:¨s´n) characterizes the rate of decreasing of free volume during the shear banding and P 1 (unit:¨MPa) characterizes the intensity in stress of the resultant relaxation effect. C f is between 1 and 0 and decreases with increasing relaxation time t r . A situation of shear initiation and structural softening corresponds to C f « 1, a situation of shear arrest results from a low flow defect concentration i.e., C f « 0. The transition from high to low C f (which occurs during shear banding) corresponds to the "relaxation-hardening" kinetics (Steps 3 Ñ 4 Ñ 5 in Figure 1b) .
The cumulated plastic flow rate is deduced from the normality law [5] : ( 5) and:
where α 0 is a constant incorporating the fraction of material that is available to undergo a shear transformation zone, ν 0 is a characteristic attempt frequency and γ 0 is the characteristic strain of an STZ event. Q stz is the free energy for the activation of shear transformation, given by Equation (7) [5]:
where ν is the Poisson ratio, τ 0 is the stress to initiate the shear event and µ(T) is the temperature-dependent shear modulus. Ω 0 is the volume of an STZ sustaining a shear strain γ 0 . β is a parameter about equal to unity for metallic glasses. V a is the apparent activation volume, expressed by [7] :
Here K B and T are the Boltzmann constant and the temperature, respectively. The time dependence of the diffusion mediated atomic-arrangement within shear bands can be described by the "relaxation-saturation" kinetics of Avrami and expressed similar to as suggested in reference [25] by:
t r refers to time-duration of the diffusive atomic rearrangement in shear bands. The waiting time t w is defined as the time between two successive serrations. w is the plastic strain increment produced by shear event.
The formulated Equations (1)- (9) provide a closed elastic-viscoplastic constitutive model for serrated flow in deformed metallic glasses. These non-linear equations are solved using an implicit Newton-Raphson integration technique in which the corresponding material tangent is obtained by simultaneously and implicitly integrating the plastic flow and the flow defect equations. The specimens (plate of 12.5 mmˆ2.5 mm dimensions) used in the simulations are 8-node quadratic elements with reduced integration under plane stress conditions. Simulations have been performed at a constant strain rate of 10´3 s´1.
Simulation Results
Stress-Displacement Curve
The stress-displacement curve, obtained from simulations of uniaxial compressive tests is fitted to experimental stress-displacement data. The numerical result is compared to the experimental deformation tests of Liu et al. [26] where their results revealed an elastic deformation followed by a clearly jerky type deformation with transient shear banding events registered with displacement bursts in the stress-strain curve of Zr 55 Pd 10 Cu 20 Ni 5 Al 10 glassy rods. Figure 2 shows the experimental stress-displacement curve of the deformed Zr-based glassy alloy together with the best simulated stress-displacement curve obtained on the basis of equations presented in Section 2.2 using the parameter values listed in Table 1 .
deformation tests of Liu et al. [26] where their results revealed an elastic deformation followed by a clearly jerky type deformation with transient shear banding events registered with displacement bursts in the stress-strain curve of Zr55Pd10Cu20Ni5Al10 glassy rods. Figure 2 shows the experimental stress-displacement curve of the deformed Zr-based glassy alloy together with the best simulated stress-displacement curve obtained on the basis of equations presented in Section 2.2 using the parameter values listed in Table 1 . From the simulation results presented in Figure 2 , it can be concluded that the simulation fits quite well to the experimental results. After a certain amount of plastic strain, slight serrations were found on the macroscopic stress-displacement curve. Almost of the adjustable model parameters obtained are physically meaningful and comparable with those found in the literature. QSTZ, Va and E are close to that obtained in references [5, 27, 29, 30] . The value of γ0, ν0, α0 is in agreement with similar published results [32] . The Values of m, n, P1, P2 and w are comparable to those found in References [25, 28] .
Strain Rate Effects
Using the model parameters in Table 1 , simulations of compressive tests were carried out for various strain rates. Figure 3 shows the simulated stress-strain behavior of BMG with alternating the applied strain rate between 5 × 10 −5 s −1 and 1 × 10 −4 s −1 . [28] From the simulation results presented in Figure 2 , it can be concluded that the simulation fits quite well to the experimental results. After a certain amount of plastic strain, slight serrations were found on the macroscopic stress-displacement curve. Almost of the adjustable model parameters obtained are physically meaningful and comparable with those found in the literature. Q STZ , V a and E are close to that obtained in references [5, 27, 29, 30] . The value of γ 0 , ν 0 , α 0 is in agreement with similar published results [32] . The Values of m, n, P 1 , P 2 and w are comparable to those found in References [25, 28] .
Using the model parameters in Table 1 , simulations of compressive tests were carried out for various strain rates. Figure 3 shows the simulated stress-strain behavior of BMG with alternating the applied strain rate between 5ˆ10´5 s´1 and 1ˆ10´4 s´1. The flow stresses showed higher values at lower strain rates, giving rise to negative strain rate sensitivity which is a required condition for serrated flow deformation in a range of BMGs alloys to occur [33, 34] . From the obtained results, we suggest that, if the time for the structural relaxation (diffusive free volume annihilation) within the shear bands is sufficient after a shear displacement, the yield strength is higher, but it decreases for shorter periods of time, i.e., for higher applied strain rates. In other words, according to the physical picture of our model, when the applied strain rate suddenly decreases, more time is available for the relaxation to occur between successive stress drops. This time allows for the sheared zone to annihilate more free volume. In turn, this leads to a strengthening of the shear deformed zone, or macroscopically to a higher stress resistance against flow than reached by a rapidly applied strain rate. Therefore, a higher flow stress results at lower applied strain rates. This causes a negative strain rate sensitivity which is commonly known for metallic glasses showing serrated flow (see Figure 1 in reference [34] for comparison) as well as for crystalline materials exhibiting PLC effect. . Simulated deformation curve of BMG alloy at oscillating strain rates of 5ˆ10´5 s´1 and 1ˆ10´4 s´1 (at room temperature) using the parameters of Table 1 .
The flow stresses showed higher values at lower strain rates, giving rise to negative strain rate sensitivity which is a required condition for serrated flow deformation in a range of BMGs alloys to occur [33, 34] . From the obtained results, we suggest that, if the time for the structural relaxation (diffusive free volume annihilation) within the shear bands is sufficient after a shear displacement, the yield strength is higher, but it decreases for shorter periods of time, i.e., for higher applied strain rates. In other words, according to the physical picture of our model, when the applied strain rate suddenly decreases, more time is available for the relaxation to occur between successive stress drops. This time allows for the sheared zone to annihilate more free volume. In turn, this leads to a strengthening of the shear deformed zone, or macroscopically to a higher stress resistance against flow than reached by a rapidly applied strain rate. Therefore, a higher flow stress results at lower applied strain rates. This causes a negative strain rate sensitivity which is commonly known for metallic glasses showing serrated flow (see Figure 1 in reference [34] for comparison) as well as for crystalline materials exhibiting PLC effect.
Conclusions
1.
A new constitutive model for the discontinuous yielding in metallic glasses was proposed. It includes the local flow defect concentration within the arrested shear bands as a time dependent state variable. The simulated model showed an agreement with the experimental data for the serrated flow behavior in BMGs as well as the main related features, i.e., strain rate effect.
2.
Despite the essential difference between deformation in crystalline and amorphous metals, the above model based on the comparison of deformation in BMGs and the DSA mechanism suggests that the phenomenological similarities found for both classes of metals may stem from a similar micromechanical origin. 
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